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We propose a neural-network variational quantum algorithm to simulate the time evolution of
quantum many-body systems. Based on a modified restricted Boltzmann machine (RBM) wavefunc-
tion ansatz, the proposed algorithm can be efficiently implemented in near-term quantum computers
with low measurement cost without suffering from the vanishing gradient (or ‘barren plateau’) issue.
Using a qubit recycling strategy, only one ancilla qubit is required to represent all the hidden spins
in an RBM architecture. The variational algorithm is extended to open quantum systems by em-
ploying a stochastic Schro¨dinger equation approach. Numerical simulations of spin-lattice models
demonstrate that our algorithm is capable of capturing the dynamics of closed and open quantum
many-body systems with high accuracy.
Accurate and efficient simulation of quantum many-
body dynamics remains one of the most challenging prob-
lems in physics, despite nearly a century of progress.
Renewed interest has been sparked in this field due to
recent experiments with Rydberg atoms[1, 2], which sug-
gest the existence of scar states which do not thermal-
ize. This has lead to new studies of fragmented Hilbert
spaces for such constrained models[3–5], along with fur-
ther studies on fractons, which are restricted excitations
which can disperse only in certain directions[6, 7]. These
studies also tie in to the more established field of many
body localization[8–10], which studies the possibility of
extremely slow relaxation of high energy states in systems
with strong disorder. As many of the above phenomena
are hard to study analytically, there is a strong motiva-
tion to develop powerful numerical tools to further our
understanding.
One of the most powerful numerical tools at the dis-
posal of condensed matter theorists is quantum Monte
Carlo, which has performed remarkably well for equilib-
rium physics of numerous systems[11, 12]. This has made
important the applicability of this technique to study
real time dynamics. This is often impossible due to the
infamous sign problem[13, 14], and the one of the few
promising ways in which practitioners have attempted
to avoid this is by transferring the real time behavior
to functions which form coefficients in the wavefunction.
These functions then need to have a variational form
which can be optimised to get reasonably good results on
small systems[15, 16]. Even though one can get around
the sign problem for these cases, severe ergodicity re-
strictions in the Monte Carlo updates may render them
inefficient, and necessitate specialized algorithms[17–19].
To allow variational wavefunctions a higher degree of ex-
pressibility, some ideas from machine learning, such as re-
stricted Boltzmann machines (RBM), have been used[20–
26] to serve as a representation. This has lead to a well-
controlled way of approximating complicated wavefunc-
tions with rich spatial features. Neural networks have
also been used to simulate open quantum systems, which
are numerically more challenging to study than closed
systems, and promising results have been achieved for
both dynamical[27] and steady state[21, 28, 29] features.
Due to recent advances in quantum computing, it has
become possible to program a small number of qubits
to directly represent a quantum system using Noisy
Intermediate-Scale Quantum (NISQ) technology[30, 31].
One of the many applications of this set up is to speed up
the optimization step for variational wavefunctions[32–
37]. This serves as a substantial improvement for cases
where variational Monte Carlo is inefficient. Direct vari-
ational optimization of the time-dependent Schro¨dinger
equation[38–40] has also shown promise, and a large
number of general processes can be mapped on to this
technique[41].
In this letter, we engineer a neural-network variational
quantum algorithm to simulate the dynamics of quan-
tum many-body systems. The algorithm integrates the
power of an RBM representation of quantum states with
a quantum speed-up coming from transferring the com-
putationally heavy step of calculating expectation values
on to the quantum computer. We show that the varia-
tional algorithm can be extended to the dynamics of open
quantum systems using a stochastic Schro¨dinger equation
approach. The proposed method is benchmarked against
canonical spin-lattice models and performs well for dy-
namics of both closed and open systems.
Neural Network Quantum States: An RBM quantum
state can be obtained from a bipartite Ising Hamiltonian
HˆRBM (θ) =
∑
i
bivˆ
z
i +
∑
j
mj hˆ
z
j +
∑
ij
Wij vˆ
z
i hˆ
z
j , (1)
where vˆzi or hˆ
z
j is the Pauli-Z operator for the visible
or hidden qubit, respectively. We denote the complex-
valued variational RBM parameters as θ = [b,m,W ]. To
prepare a complex-valued RBM state [42], we first entan-
gle N +M qubits (representing N visible and M hidden
spins of an RBM architecture) according to
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2FIG. 1. Quantum circuit for preparing uRBM state with qubit recycling scheme described in Eq. 4. All the qubits are
initialized in |0〉 state. The single rotations are governed by the relations in Eq. 5. The j-th entangling block implements the
exp(i
∑
iW
I
ij vˆ
z
i hˆ
z
j ) operator and its explicit form is given in the Supplemental Material. After each entangling block, the ancilla
qubit representing the j-th hidden spin is projected onto |+〉 state before being recycled.
|Ψvh(θ)〉 = e
HˆRBM (θ)
Nvh
|+ + · · ·+〉vh, (2)
where |+〉 = 1√
2
(|0〉 + |1〉), Nvh =√
vh〈+ + · · ·+ |e2Hˆ
R
RBM (θ)|+ + · · ·+〉vh, HˆRRBM (θ)
is the Hermitian part of the RBM Hamiltonian and
the subscript vh denotes visible and hidden (ancilla)
qubits. Eq. 2 gives a conceptually simple wave function
that could be generated by first applying single-qubit
transformations exp(bivˆ
z
i ) and exp(mj hˆ
z
j ) on individual
qubits followed by exp(Wij vˆ
z
i hˆ
z
j ) to couple the visible
and hidden qubits.
Once the extended wave function |Ψvh(θ)〉 is gener-
ated, all ancilla qubits (i.e. hidden spins) are post-
selected for |+〉h and the desired RBM state is imple-
mented in a quantum circuit
|Ψv(θ)〉 = h〈+ + · · ·+ |Ψvh(θ)〉
Nv
, (3)
where Nv =
√
〈Ψvh(θ)|Pˆ (h)+ |Ψvh(θ)〉 and Pˆ (h)+ = | +
+ · · ·+〉h〈+ + · · · + | projects all the hidden spins onto
|+〉 state.
Observing that Eq. 3 can be cast in the following form:
|Ψv(θ)〉 = 1
Nv
[
〈+|
[
ehˆ
z
M(mM+
∑
iWiM vˆ
z
i )
]
|+〉
]
M
(4)
×
[
〈+|
[
ehˆ
z
M−1(mM−1+
∑
iWiM−1vˆ
z
i )
]
|+〉
]
M−1
· · ·[
〈+|
[
ehˆ
z
1(m1+
∑
iWi1vˆ
z
i )
]
|+〉
]
1
e
∑
i bivˆ
z
i |+ + · · ·+〉v,
where [〈+|[...]|+〉]j encodes the effect of j-th hidden spin
on all visible spins, it is clear a single ancilla qubit is
sufficient to implement the entangling operation sequen-
tially.
The above quantum operations are non-unitary when
RBM parameters are complex, i.e. bRi 6= 0, mRj 6= 0 or
WRij 6= 0, where we use superscripts R and I to denote
the real and imaginary parts of the RBM parameters.
In particular, the non-unitary two-qubit operation me-
diating entanglement across the visible-hidden layer are
difficult to implement. One could adopt a probabilistic
scheme [43] to generate the inter-layer couplings with an
extra ancilla qubit. However, for complex-valued wave-
function, this approach is difficult to scale with the num-
ber of qubits involved due to low success probability.
For this reason, we only consider the unitary-coupled
RBM (uRBM) ansatz in which WRij = 0 for the rest
of this letter [42]. Fig. 1 depicts a quantum circuit for
preparing a uRBM state composed of N visible spins and
M hidden spins. After initializing all qubits in |0〉 state,
we first perform single qubit rotations representing the
terms exp(bivˆ
z
i ) and exp(mj hˆ
z
j ). The rotation angles,
αvi/hj , are governed by the relations
Rvi(αvi)|0〉 = ebivˆ
z
i |+〉/cvi , (5)
Rhj (αhj )|0〉 = emj hˆ
z
j |+〉/chj ,
where the normalization factors are cvi =√
〈+| exp (2bRi vˆzi ) |+〉 and chj = √〈+| exp(2mRj hˆzj) |+〉.
The j-th entangling block implements the coupling term
exp(i
∑
iW
I
ij vˆ
z
i hˆ
z
j ) and are composed of a series of
controlled-Z rotations. The details of the entangling
block are given in the Supplemental Material (SM).
Employing the qubit recycling scheme described in
Eq. 4, the ancilla qubit representing the j-th hidden
spin is projected onto |+〉 state after each entangling
block before being recycled. Thus we only need N + 1
qubits in total, and the number of quantum gates is
proportional to the number of variational parameters,
Nvar , which scales as O(αN
2) where α = N/M .
3Time-dependent Variational Algorithm: We adopt a
hybrid quantum-classical approach based on the time-
dependent variational Monte Carlo (t-VMC) method to
simulate the quantum dynamics [44–46]. In t-VMC
framework, we minimize the residue in minθ||i∂|Ψ(θ)〉∂t −
Hˆs|Ψ(θ)〉||, where Hˆs is the system Hamiltonian and the
norm is defined as the square root of the inner product.
The resulting equations of motion for the time-dependent
variational parameters are
θ˙n =
∑
m
A−1nm Im[fm]. (6)
The covariance matrix A and force vector f read
Anm = Re〈Oˆ†nOˆm〉v − Re〈Oˆ†n〉vRe〈Oˆm〉v, (7)
fm = 〈Oˆ†mHˆs〉v − Re〈Oˆ†m〉v〈Hˆs〉v, (8)
where 〈· · · 〉v = 〈Ψv(θ)| · · · |Ψv(θ)〉. The derivative op-
erators with respect to the n-th variational parameter
is defined as Oˆn =
∂ ln |Ψv(θ)〉
∂θn
. For RBM state defined
in Eq. 3, the Oˆn operators can be derived analytically
which allows an efficient way of obtaining the gradients
Oˆn =
 i
1−δ vˆzi , if θn = bi,
i1−δ tanh (mj +
∑
iWij vˆ
z
i ) , if θn = mj ,
ivˆzi tanh (mj +
∑
iWij vˆ
z
i ) , if θn = Wij ,
(9)
where δ = 0 if θn = b
I
i or θn = m
I
j or θn = W
I
i , and δ = 1
if θn = b
R
i or θn = m
R
j . The variational parameters are
updated iteratively according to θn(t + δt) = θn(t) +
A−1Im[f ]δt where δt is the update time step.
In conventional t-VMC, the covariance matrix A and
force vector f in Eq. 7 are obtained from Markov chain
random walk approach, such as the Metropolis-Hastings
algorithm. Such sampling could be challenging for sys-
tems that exhibit long correlation time, e.g. systems near
phase transition. In a hybrid quantum-classical frame-
work, both A and f are sampled directly from the output
of quantum circuit depicted in Fig. 1, circumventing the
difficulties associated with Markov chain methods.
Simulation Results: To demonstrate the performance
of the uRBM algorithm in simulating many-body quan-
tum dynamics, we first consider a 1D transverse-field
Ising (TFI) model:
HˆTFI = −h
∑
i
σˆxi −
∑
<ij>
σˆzi σˆ
z
j , (10)
where h denotes the strength of the transverse field. Here
we study the dynamics of a TFI model induced by quan-
tum quench. The TFI system is initially prepared in
the ground state for an initial transverse field hi. The
variational parameters of the initial ground state wave-
function are obtained using a hybrid imaginary time al-
gorithm [42], the details can be found in SM. At t = 0,
we introduce an instantaneous change to the transverse
field, hf 6= hi, and let the system evolves under the new
Hamiltonian.
0 1 2
time
0.3
0.4
0.5
0.6
0.7
0.8
0.9
x 1
(a)
exact
uRBM
0 1 2
time
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
x 1
x 2
(b)
exact
uRBM
0.0 0.5 1.0 1.5 2.0
time
0.67
0.65
0.63
0.61
x 1
x 2
(c)
exact
uRBM
0.0 0.5 1.0 1.5 2.0
time
0.65
0.55
0.45
0.35
z 1
z 2
(d)
exact
uRBM
FIG. 2. Time evolution induced by quantum quench. Results
from uRBM algorithm (symbols) are compared to exact cal-
culations (solids lines). (a) and (b) Dynamics of transverse
polarization and its correlation in a 1D Ising model. (c) and
(d) Dynamics of magnetization and transverse polarization
correlations in a 1D Heisenberg model.
In Fig. 2 (a) and (b), we consider a TFI model of 6 spins
with periodic boundary condition and the transverse field
is changed from hi = 0.5 to the critical value of hf =
1.0 at t = 0. In the simulations we use δt = 0.0005
and α = M/N = 4. We compare the results from the
uRBM algorithm with results from exact diagonalization
by studying the evolution of transverse spin polarization
〈σx1 〉 and its correlation correlation 〈σx1σx2 〉. The good
agreement with exact results confirms the accuracy of
the uRBM algorithm in capturing quantum many-body
dynamics.
Next we consider a 1D anisotropic Heisenberg model
with periodic boundary condition in a magnetic field:
HˆH = −hz
∑
i
σˆzi +
∑
<ij>
(Jzσˆ
z
i σˆ
z
j + σˆ
x
i σˆ
x
j + σˆ
y
i σˆ
y
j ),(11)
where hz is the strength of longitudinal field and Jz is
the longitudinal coupling. Again we perform a quan-
tum quench by instantaneously changing the longitudi-
nal coupling from Jz = 1.0 to Jz = 0.5 at t = 0. Figs. 2
(c) and (d) depict the dynamics of spin-spin correlations
of a 6-spin Heisenberg model with hz = 1.0. We use
δt = 0.0002 and α = 6 in our simulations. Again we
observe near exact agreement between the results from
the uRBM algorithm and exact diagonalization, further
confirming the capability of the hybrid uRBM algorithm.
Open Quantum Systems: Extending the variational
4uRBM algorithm to open quantum systems is conceptu-
ally straight forward using the stochastic wavefunction
approach. The dynamics of the density matrix, ρˆ, of an
open quantum system can be described by the Linblad
master equation [47]
dρˆ
dt
= −i[Hˆs, ρˆ] + 1
2
∑
k
[2LˆkρˆLˆ
†
k − {Lˆ†kLˆk, ρˆ}], (12)
where {.} denotes an anti-commutator, Hˆs is the sys-
tem Hamiltonian and the Linblad operators Lˆk describe
the interaction between the system and a Markovian
bath. Instead of solving the Linblad master equation
directly, an open quantum system can be equivalently de-
scribed by an ensemble of pure state trajectories [48, 49].
The evolution of these pure state trajectories is gov-
erned by a non-Hermitian effective Hamiltonian Hˆeff =
Hˆs − i2
∑
k(LˆkLˆ
†
k − 〈LˆkLˆ†k〉) and subject to continuous
measurement. The details of implementing these stochas-
tic wavefunction trajectories in quantum circuits can be
found in SM.
We test the ability of the hybrid uRBM algorithm
in simulating the dynamics of an open quantum sys-
tem by considering a 4-spin 1D TFI model with open
boundary condition coupled to a Markovian bath. All
the spins of the TFI model are initially prepared in
|+〉 = 1√
2
(|0〉 + |1〉) state. The Linblad operator is
Lˆk =
√
γσˆ+k where σˆ
+
k is a raising operator acting on the
k-th spin and γ determines the strength of system-bath
interaction. Other parameters used in the simulation are
α = M/N = 6, γ = 0.2, h = 1.0, δt = 0.0005. The dy-
namics of transverse polarization and its correlation are
compared to those from directly solving Eq. 12. It can be
seen that the uRBM algorithm is capable of simulating
the dynamics of open systems with high accuracy. This
further extend the applicability to the hybrid uRBM al-
gorithm to study novel non-equilibrium phenomena in
many-body open quantum systems such as phase transi-
tions [50, 51].
Discussions: The proposed hybrid uRBM algorithm
offers several advantages compared to other NISQ vari-
ational algorithms. First our numerical results (see SM)
show that the gradients in the uRBM ansatz do not decay
exponentially with system size, indicting the absence of
the vanishing gradient (or ‘barren plateau’) issue that af-
fects many variational quantum algorithms [52]. In fact,
classical implementations of VMC using RBM ansatz has
been demonstrated on systems with more than 100 visi-
ble spins [53] using the covariance matrix and force vector
defined in Eq. 7.
Second, real and imaginary time variational algorithms
[38, 39, 41, 54] typically require significantly more mea-
surements (and distinct quantum circuits) than gradient
descent approaches such as variational quantum eigen-
solver (VQE) due of the estimation of covariance matrix
A. The number of matrix elements in A scales asO(N2var)
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FIG. 3. Dynamics of a dissipative 1D Ising model obtained
from exact numerical solution of Eq.12 (solid lines) and from
the hybrid uRBM algorithm (symbols). The simulation re-
sults from the hybrid uRBM algorithm are obtained from av-
eraging over 2000 pure state trajectories.
where Nvar is the number of variational parameters. This
measurement cost could be prohibitive in large scale sim-
ulation in NISQ devices since Nvar will be a big number.
Within RBM ansatz all the matrix elements in A can be
expressed analytically in terms of the Pauli-Z operators
of the visible spins (see Eq. 9), a single measurement in
the Z-basis contributes to the statistics of all the matrix
elements in A, thus significantly reducing the number of
measurements and distinct circuits required.
Additionally, the uRBM algorithm offers great flexi-
bly when it comes to the number of ancilla qubits (for
hidden spins) and circuit depth. Employing the qubit
recycling scheme depicted in Fig.1, we only need N + 1
total number of qubits but a circuit depth of O(αN2)
to implement the uRBM state. At the opposite end of
the spectrum, we could use M ancilla qubits to represent
M hidden spins, this reduces the circuit depth to O(N),
assuming full connectivity like those found in ion-trap
based quantum computers [55, 56]. Of course, one could
envision an optimal trade-off between qubit number and
circuit depth that takes the architecture of the hardware
into account.
Finally, the accuracy of the uRBM algorithm can be
systematically improved by including more hidden spins.
For quantum systems that are very strongly correlated,
our method can be extended to deep Boltzmann ma-
chines (DBM) in a straight forward manner. DBM con-
tains more than one layer of hidden spins and has been
shown to be able to efficiently represent most quantum
states generated by quantum dynamics [57, 58].
Conclusions: We have introduced a neural-network
based variational quantum algorithm to simulate the dy-
namics of closed and open quantum many-body systems.
Our results show that the proposed algorithm is capable
of capturing the dynamics of both types of systems with
high accuracy. A key benefit that the integration of quan-
tum devices provides over traditional variational quan-
tum Monte Carlo is the elimination of the sign problem
5and ergodicity issues. Additionally, the proposed varia-
tional algorithm offers several advantages over existing
NISQ approaches, including absence of barren plateaus,
flexibility in qubit-number versus circuit-depth trade-off
and low measurement cost. These advantages make the
algorithm particularly appealing for implementation in
NISQ devices.
Note: During the preparation of this manuscript, we
became aware of related works based on deep quantum
feedforward neural networks [59] and matrix product
states [60].
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Implementation of the entangling gates
For unitary coupled RBM (uRBM) ansatz (WRij = 0), the j-th entangling block in the quantum circuit of Fig. 1 in
the main text implements the operation exp(i
∑
iW
I
ij vˆ
z
i hˆ
z
j ) that couples the j-th hidden spin with all the visible spins.
The quantum circuit for each coupling term exp(iW Iij vˆ
z
i hˆ
z
j ) is shown in Fig.S1(a) where θij = −θ′ij = −W Iij . For full
RBM states with complex value couplings, the non-unitary operation exp(WRij vˆ
z
i hˆ
z
j ) can be implemented using the
probabilistic scheme introduced by Xia and Sabre [1] to generate the inter-layer couplings with an extra ancilla qubit.
The quantum circuit of this scheme is shown in Fig.S1(b). The rotation angles in the controlled gates are
θij,1 = 2 sin
−1(
√
exp(WRij − |WRij |)), (1)
θij,2 = 2 sin
−1(
√
exp(−WRij − |WRij |)).
After each operation exp(
∑
iW
R
ij vˆ
z
i hˆ
z
j ) is implemented, the ancilla qubit is measured. If the ancilla qubit is in state
|1〉, we continue to the next coupling term, otherwise we start from the beginning. Given the N ∗M number of
probabilistic measurements of the ancilla qubit, this approach is difficult to scale with the number of qubits for large
scale simulation.
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Ry(✓ij,1)
<latexit sha1_base64="yUOUbMOGR2Mu08zH1I2bNCOT/DY=">AAAB+3icbVDLSsNAFJ3UV62vWJd uBotQQUoigi6LblxWsQ9oQ5hMJ+3YyYOZGzGE/IobF4q49Ufc+TdO2yy09cCFwzn3cu89Xiy4Asv6Nkorq2vrG+XNytb2zu6euV/tqCiRlLVpJCLZ84higoesDRwE68WSkcATrOtNrqd+95FJxaPwHtKYOQEZ hdznlICWXLN656b1AYwZEDfjD6d2fuKaNathzYCXiV2QGirQcs2vwTCiScBCoIIo1betGJyMSOBUsLwySBSLCZ2QEetrGpKAKSeb3Z7jY60MsR9JXSHgmfp7IiOBUmng6c6AwFgtelPxP6+fgH/pZDyME2Ahn S/yE4EhwtMg8JBLRkGkmhAqub4V0zGRhIKOq6JDsBdfXiads4ZtNezb81rzqoijjA7REaojG12gJrpBLdRGFD2hZ/SK3ozceDHejY95a8koZg7QHxifPx4Qk9M=</latexit><latexit sha1_base64="yUOUbMOGR2Mu08zH1I2bNCOT/DY=">AAAB+3icbVDLSsNAFJ3UV62vWJd uBotQQUoigi6LblxWsQ9oQ5hMJ+3YyYOZGzGE/IobF4q49Ufc+TdO2yy09cCFwzn3cu89Xiy4Asv6Nkorq2vrG+XNytb2zu6euV/tqCiRlLVpJCLZ84higoesDRwE68WSkcATrOtNrqd+95FJxaPwHtKYOQEZ hdznlICWXLN656b1AYwZEDfjD6d2fuKaNathzYCXiV2QGirQcs2vwTCiScBCoIIo1betGJyMSOBUsLwySBSLCZ2QEetrGpKAKSeb3Z7jY60MsR9JXSHgmfp7IiOBUmng6c6AwFgtelPxP6+fgH/pZDyME2Ahn S/yE4EhwtMg8JBLRkGkmhAqub4V0zGRhIKOq6JDsBdfXiads4ZtNezb81rzqoijjA7REaojG12gJrpBLdRGFD2hZ/SK3ozceDHejY95a8koZg7QHxifPx4Qk9M=</latexit><latexit sha1_base64="yUOUbMOGR2Mu08zH1I2bNCOT/DY=">AAAB+3icbVDLSsNAFJ3UV62vWJd uBotQQUoigi6LblxWsQ9oQ5hMJ+3YyYOZGzGE/IobF4q49Ufc+TdO2yy09cCFwzn3cu89Xiy4Asv6Nkorq2vrG+XNytb2zu6euV/tqCiRlLVpJCLZ84higoesDRwE68WSkcATrOtNrqd+95FJxaPwHtKYOQEZ hdznlICWXLN656b1AYwZEDfjD6d2fuKaNathzYCXiV2QGirQcs2vwTCiScBCoIIo1betGJyMSOBUsLwySBSLCZ2QEetrGpKAKSeb3Z7jY60MsR9JXSHgmfp7IiOBUmng6c6AwFgtelPxP6+fgH/pZDyME2Ahn S/yE4EhwtMg8JBLRkGkmhAqub4V0zGRhIKOq6JDsBdfXiads4ZtNezb81rzqoijjA7REaojG12gJrpBLdRGFD2hZ/SK3ozceDHejY95a8koZg7QHxifPx4Qk9M=</latexit><latexit sha1_base64="yUOUbMOGR2Mu08zH1I2bNCOT/DY=">AAAB+3icbVDLSsNAFJ3UV62vWJd uBotQQUoigi6LblxWsQ9oQ5hMJ+3YyYOZGzGE/IobF4q49Ufc+TdO2yy09cCFwzn3cu89Xiy4Asv6Nkorq2vrG+XNytb2zu6euV/tqCiRlLVpJCLZ84higoesDRwE68WSkcATrOtNrqd+95FJxaPwHtKYOQEZ hdznlICWXLN656b1AYwZEDfjD6d2fuKaNathzYCXiV2QGirQcs2vwTCiScBCoIIo1betGJyMSOBUsLwySBSLCZ2QEetrGpKAKSeb3Z7jY60MsR9JXSHgmfp7IiOBUmng6c6AwFgtelPxP6+fgH/pZDyME2Ahn S/yE4EhwtMg8JBLRkGkmhAqub4V0zGRhIKOq6JDsBdfXiads4ZtNezb81rzqoijjA7REaojG12gJrpBLdRGFD2hZ/SK3ozceDHejY95a8koZg7QHxifPx4Qk9M=</latexit>
Ry(✓ij,2)
<latexit sha1_base64="oCOZPnV28R+tia0/rIz56zLX1u8=">AAAB+3icbVDLSsNAFJ3UV6 2vWJduBotQQUpSBF0W3bisYh/QhjCZTtqxkwczN2II+RU3LhRx64+482+ctllo9cCFwzn3cu89Xiy4Asv6Mkorq2vrG+XNytb2zu6euV/tqiiRlHVoJCLZ94higoesAxwE68eSkcATrOdNr2Z+74 FJxaPwDtKYOQEZh9znlICWXLN666b1IUwYEDfj96fN/MQ1a1bDmgP/JXZBaqhA2zU/h6OIJgELgQqi1MC2YnAyIoFTwfLKMFEsJnRKxmygaUgCppxsfnuOj7Uywn4kdYWA5+rPiYwESqWBpzsDAh O17M3E/7xBAv6Fk/EwToCFdLHITwSGCM+CwCMuGQWRakKo5PpWTCdEEgo6rooOwV5++S/pNhu21bBvzmqtyyKOMjpER6iObHSOWugatVEHUfSIntALejVy49l4M94XrSWjmDlAv2B8fAMflpPU</ latexit><latexit sha1_base64="oCOZPnV28R+tia0/rIz56zLX1u8=">AAAB+3icbVDLSsNAFJ3UV6 2vWJduBotQQUpSBF0W3bisYh/QhjCZTtqxkwczN2II+RU3LhRx64+482+ctllo9cCFwzn3cu89Xiy4Asv6Mkorq2vrG+XNytb2zu6euV/tqiiRlHVoJCLZ94higoesAxwE68eSkcATrOdNr2Z+74 FJxaPwDtKYOQEZh9znlICWXLN666b1IUwYEDfj96fN/MQ1a1bDmgP/JXZBaqhA2zU/h6OIJgELgQqi1MC2YnAyIoFTwfLKMFEsJnRKxmygaUgCppxsfnuOj7Uywn4kdYWA5+rPiYwESqWBpzsDAh O17M3E/7xBAv6Fk/EwToCFdLHITwSGCM+CwCMuGQWRakKo5PpWTCdEEgo6rooOwV5++S/pNhu21bBvzmqtyyKOMjpER6iObHSOWugatVEHUfSIntALejVy49l4M94XrSWjmDlAv2B8fAMflpPU</ latexit><latexit sha1_base64="oCOZPnV28R+tia0/rIz56zLX1u8=">AAAB+3icbVDLSsNAFJ3UV6 2vWJduBotQQUpSBF0W3bisYh/QhjCZTtqxkwczN2II+RU3LhRx64+482+ctllo9cCFwzn3cu89Xiy4Asv6Mkorq2vrG+XNytb2zu6euV/tqiiRlHVoJCLZ94higoesAxwE68eSkcATrOdNr2Z+74 FJxaPwDtKYOQEZh9znlICWXLN666b1IUwYEDfj96fN/MQ1a1bDmgP/JXZBaqhA2zU/h6OIJgELgQqi1MC2YnAyIoFTwfLKMFEsJnRKxmygaUgCppxsfnuOj7Uywn4kdYWA5+rPiYwESqWBpzsDAh O17M3E/7xBAv6Fk/EwToCFdLHITwSGCM+CwCMuGQWRakKo5PpWTCdEEgo6rooOwV5++S/pNhu21bBvzmqtyyKOMjpER6iObHSOWugatVEHUfSIntALejVy49l4M94XrSWjmDlAv2B8fAMflpPU</ latexit><latexit sha1_base64="oCOZPnV28R+tia0/rIz56zLX1u8=">AAAB+3icbVDLSsNAFJ3UV6 2vWJduBotQQUpSBF0W3bisYh/QhjCZTtqxkwczN2II+RU3LhRx64+482+ctllo9cCFwzn3cu89Xiy4Asv6Mkorq2vrG+XNytb2zu6euV/tqiiRlHVoJCLZ94higoesAxwE68eSkcATrOdNr2Z+74 FJxaPwDtKYOQEZh9znlICWXLN666b1IUwYEDfj96fN/MQ1a1bDmgP/JXZBaqhA2zU/h6OIJgELgQqi1MC2YnAyIoFTwfLKMFEsJnRKxmygaUgCppxsfnuOj7Uywn4kdYWA5+rPiYwESqWBpzsDAh O17M3E/7xBAv6Fk/EwToCFdLHITwSGCM+CwCMuGQWRakKo5PpWTCdEEgo6rooOwV5++S/pNhu21bBvzmqtyyKOMjpER6iObHSOWugatVEHUfSIntALejVy49l4M94XrSWjmDlAv2B8fAMflpPU</ latexit>
|vii
<latexit sha1_base64="YGlc7I1R2Kon ssv7tUMM/deb8G8=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPa UDbbSbt0s4m7m0KJ/R1ePCji1R/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3Nre J2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hodua3xqg0j+WDmSTo R3QgecgZNVbyn8i4x0lXUTkQ2CtX3Ko7B1klXk4qkKPeK391+zFLI5SGCap1x3MT42 dUGc4ETkvdVGNC2YgOsGOppBFqP5sfPSVnVumTMFa2pCFz9fdERiOtJ1FgOyNqhnrZ m4n/eZ3UhNd+xmWSGpRssShMBTExmSVA+lwhM2JiCWWK21sJG1JFmbE5lWwI3vLLq6 R5UfXcqnd/Wand5HEU4QRO4Rw8uIIa3EEdGsDgEZ7hFd6csfPivDsfi9aCk88cwx84n z9RhZHL</latexit><latexit sha1_base64="YGlc7I1R2Kon ssv7tUMM/deb8G8=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPa UDbbSbt0s4m7m0KJ/R1ePCji1R/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3Nre J2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hodua3xqg0j+WDmSTo R3QgecgZNVbyn8i4x0lXUTkQ2CtX3Ko7B1klXk4qkKPeK391+zFLI5SGCap1x3MT42 dUGc4ETkvdVGNC2YgOsGOppBFqP5sfPSVnVumTMFa2pCFz9fdERiOtJ1FgOyNqhnrZ m4n/eZ3UhNd+xmWSGpRssShMBTExmSVA+lwhM2JiCWWK21sJG1JFmbE5lWwI3vLLq6 R5UfXcqnd/Wand5HEU4QRO4Rw8uIIa3EEdGsDgEZ7hFd6csfPivDsfi9aCk88cwx84n z9RhZHL</latexit><latexit sha1_base64="YGlc7I1R2Kon ssv7tUMM/deb8G8=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPa UDbbSbt0s4m7m0KJ/R1ePCji1R/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3Nre J2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hodua3xqg0j+WDmSTo R3QgecgZNVbyn8i4x0lXUTkQ2CtX3Ko7B1klXk4qkKPeK391+zFLI5SGCap1x3MT42 dUGc4ETkvdVGNC2YgOsGOppBFqP5sfPSVnVumTMFa2pCFz9fdERiOtJ1FgOyNqhnrZ m4n/eZ3UhNd+xmWSGpRssShMBTExmSVA+lwhM2JiCWWK21sJG1JFmbE5lWwI3vLLq6 R5UfXcqnd/Wand5HEU4QRO4Rw8uIIa3EEdGsDgEZ7hFd6csfPivDsfi9aCk88cwx84n z9RhZHL</latexit><latexit sha1_base64="YGlc7I1R2Kon ssv7tUMM/deb8G8=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPa UDbbSbt0s4m7m0KJ/R1ePCji1R/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3Nre J2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hodua3xqg0j+WDmSTo R3QgecgZNVbyn8i4x0lXUTkQ2CtX3Ko7B1klXk4qkKPeK391+zFLI5SGCap1x3MT42 dUGc4ETkvdVGNC2YgOsGOppBFqP5sfPSVnVumTMFa2pCFz9fdERiOtJ1FgOyNqhnrZ m4n/eZ3UhNd+xmWSGpRssShMBTExmSVA+lwhM2JiCWWK21sJG1JFmbE5lWwI3vLLq6 R5UfXcqnd/Wand5HEU4QRO4Rw8uIIa3EEdGsDgEZ7hFd6csfPivDsfi9aCk88cwx84n z9RhZHL</latexit>
|hji
<latexit sha1_base64="oIP/KSS+ytZY 7VyfJ044/ov2jjs=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAb ymY7adduNnF3Uyixv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7 BV3N7Z3dsvHRw2dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNESrNY3lvxgn6 Ee1LHnJGjZX8JzLoPpCOorIvsFsquxV3BrJMvJyUIUetW/rq9GKWRigNE1Trtucmxs +oMpwJnBQ7qcaEsiHtY9tSSSPUfjY7ekJOrdIjYaxsSUNm6u+JjEZaj6PAdkbUDPSi NxX/89qpCa/8jMskNSjZfFGYCmJiMk2A9LhCZsTYEsoUt7cSNqCKMmNzKtoQvMWXl0 njvOK5Fe/uoly9zuMowDGcwBl4cAlVuIUa1IHBIzzDK7w5I+fFeXc+5q0rTj5zBH/gf P4APU2Rvg==</latexit><latexit sha1_base64="oIP/KSS+ytZY 7VyfJ044/ov2jjs=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAb ymY7adduNnF3Uyixv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7 BV3N7Z3dsvHRw2dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNESrNY3lvxgn6 Ee1LHnJGjZX8JzLoPpCOorIvsFsquxV3BrJMvJyUIUetW/rq9GKWRigNE1Trtucmxs +oMpwJnBQ7qcaEsiHtY9tSSSPUfjY7ekJOrdIjYaxsSUNm6u+JjEZaj6PAdkbUDPSi NxX/89qpCa/8jMskNSjZfFGYCmJiMk2A9LhCZsTYEsoUt7cSNqCKMmNzKtoQvMWXl0 njvOK5Fe/uoly9zuMowDGcwBl4cAlVuIUa1IHBIzzDK7w5I+fFeXc+5q0rTj5zBH/gf P4APU2Rvg==</latexit><latexit sha1_base64="oIP/KSS+ytZY 7VyfJ044/ov2jjs=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAb ymY7adduNnF3Uyixv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7 BV3N7Z3dsvHRw2dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNESrNY3lvxgn6 Ee1LHnJGjZX8JzLoPpCOorIvsFsquxV3BrJMvJyUIUetW/rq9GKWRigNE1Trtucmxs +oMpwJnBQ7qcaEsiHtY9tSSSPUfjY7ekJOrdIjYaxsSUNm6u+JjEZaj6PAdkbUDPSi NxX/89qpCa/8jMskNSjZfFGYCmJiMk2A9LhCZsTYEsoUt7cSNqCKMmNzKtoQvMWXl0 njvOK5Fe/uoly9zuMowDGcwBl4cAlVuIUa1IHBIzzDK7w5I+fFeXc+5q0rTj5zBH/gf P4APU2Rvg==</latexit><latexit sha1_base64="oIP/KSS+ytZY 7VyfJ044/ov2jjs=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAb ymY7adduNnF3Uyixv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7 BV3N7Z3dsvHRw2dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNESrNY3lvxgn6 Ee1LHnJGjZX8JzLoPpCOorIvsFsquxV3BrJMvJyUIUetW/rq9GKWRigNE1Trtucmxs +oMpwJnBQ7qcaEsiHtY9tSSSPUfjY7ekJOrdIjYaxsSUNm6u+JjEZaj6PAdkbUDPSi NxX/89qpCa/8jMskNSjZfFGYCmJiMk2A9LhCZsTYEsoUt7cSNqCKMmNzKtoQvMWXl0 njvOK5Fe/uoly9zuMowDGcwBl4cAlVuIUa1IHBIzzDK7w5I+fFeXc+5q0rTj5zBH/gf P4APU2Rvg==</latexit>
Rz(✓ij)
<latexit sha1_base64="fatHEQpMOfEjQX7wZ6E96cntOD0=">AAAB+XicbVBNS8N AEJ34WetX1KOXYBHqpSQi6LHoxWMV+wFtCJvttl272YTdSaGG/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTATX6Lrf1srq2vrGZmGruL2zu7dvHxw2dJwqyuo0FrFqhUQzwSW rI0fBWoliJAoFa4bDm6nfHDGleSwfcJwwPyJ9yXucEjRSYNv3wVO5gwOGJMj44+QssEtuxZ3BWSZeTkqQoxbYX51uTNOISaSCaN323AT9jCjkVLBJsZNqlhA6JH3WNlSSiGk /m10+cU6N0nV6sTIl0ZmpvycyEmk9jkLTGREc6EVvKv7ntVPsXfkZl0mKTNL5ol4qHIydaQxOlytGUYwNIVRxc6tDB0QRiiasognBW3x5mTTOK55b8e4uStXrPI4CHMMJlMGD S6jCLdSgDhRG8Ayv8GZl1ov1bn3MW1esfOYI/sD6/AE8kpNj</latexit><latexit sha1_base64="fatHEQpMOfEjQX7wZ6E96cntOD0=">AAAB+XicbVBNS8N AEJ34WetX1KOXYBHqpSQi6LHoxWMV+wFtCJvttl272YTdSaGG/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTATX6Lrf1srq2vrGZmGruL2zu7dvHxw2dJwqyuo0FrFqhUQzwSW rI0fBWoliJAoFa4bDm6nfHDGleSwfcJwwPyJ9yXucEjRSYNv3wVO5gwOGJMj44+QssEtuxZ3BWSZeTkqQoxbYX51uTNOISaSCaN323AT9jCjkVLBJsZNqlhA6JH3WNlSSiGk /m10+cU6N0nV6sTIl0ZmpvycyEmk9jkLTGREc6EVvKv7ntVPsXfkZl0mKTNL5ol4qHIydaQxOlytGUYwNIVRxc6tDB0QRiiasognBW3x5mTTOK55b8e4uStXrPI4CHMMJlMGD S6jCLdSgDhRG8Ayv8GZl1ov1bn3MW1esfOYI/sD6/AE8kpNj</latexit><latexit sha1_base64="fatHEQpMOfEjQX7wZ6E96cntOD0=">AAAB+XicbVBNS8N AEJ34WetX1KOXYBHqpSQi6LHoxWMV+wFtCJvttl272YTdSaGG/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTATX6Lrf1srq2vrGZmGruL2zu7dvHxw2dJwqyuo0FrFqhUQzwSW rI0fBWoliJAoFa4bDm6nfHDGleSwfcJwwPyJ9yXucEjRSYNv3wVO5gwOGJMj44+QssEtuxZ3BWSZeTkqQoxbYX51uTNOISaSCaN323AT9jCjkVLBJsZNqlhA6JH3WNlSSiGk /m10+cU6N0nV6sTIl0ZmpvycyEmk9jkLTGREc6EVvKv7ntVPsXfkZl0mKTNL5ol4qHIydaQxOlytGUYwNIVRxc6tDB0QRiiasognBW3x5mTTOK55b8e4uStXrPI4CHMMJlMGD S6jCLdSgDhRG8Ayv8GZl1ov1bn3MW1esfOYI/sD6/AE8kpNj</latexit><latexit sha1_base64="fatHEQpMOfEjQX7wZ6E96cntOD0=">AAAB+XicbVBNS8N AEJ34WetX1KOXYBHqpSQi6LHoxWMV+wFtCJvttl272YTdSaGG/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTATX6Lrf1srq2vrGZmGruL2zu7dvHxw2dJwqyuo0FrFqhUQzwSW rI0fBWoliJAoFa4bDm6nfHDGleSwfcJwwPyJ9yXucEjRSYNv3wVO5gwOGJMj44+QssEtuxZ3BWSZeTkqQoxbYX51uTNOISaSCaN323AT9jCjkVLBJsZNqlhA6JH3WNlSSiGk /m10+cU6N0nV6sTIl0ZmpvycyEmk9jkLTGREc6EVvKv7ntVPsXfkZl0mKTNL5ol4qHIydaQxOlytGUYwNIVRxc6tDB0QRiiasognBW3x5mTTOK55b8e4uStXrPI4CHMMJlMGD S6jCLdSgDhRG8Ayv8GZl1ov1bn3MW1esfOYI/sD6/AE8kpNj</latexit>
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FIG. S1: Quantum circuits for the coupling terms (a) exp(i
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2Variational imaginary time evolution
In the numerical examples of closed systems in Fig. 2 of the main text, the initial states are prepared as the
ground states of the initial Hamiltonians before quantum quenches. The variational parameters of these initial
wavefunctions are obtained via a variational quantum-classical imaginary time evolution (ITE) following the Stochastic
Reconfiguration framework [2]. The update rule of the variational parameters in the hybrid ITE algorithm is
θ˙n(τ) =
∑
m
A−1nm Re[fm]. (2)
where τ denotes the imaginary time, the definitions of the covariance matrix A and the force vector f are the same
as the real time algorithm (i.e. Eqs. (7) and (8)) in the main text. The parameters are updated iteratively
θn(τ + δτ) = θn(τ) + δτA
−1Re[f ] (3)
where δτ is the imaginary time step. In our simulations, we use δτ = 0.01 for 2500 steps. At τ = 0, the variational
RBM parameters are initialized as Gaussian random numbers with zero mean and variance of 0.01. The imaginary
time evolution of the 6-spin 1D Ising and Heisenberg models used in the main text are shown in Fig. S2.
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FIG. S2: Imaginary time evolution of (a) 1D Ising model and (b) Heisenberg models. The solid lines are the exact
ground-state energy. The dashed black lines represent the imaginary time evolution using the variational uRBM
algorithm.
Derivations of wavefunction derivatives
The derivative of |Ψv(θ)〉 can be written as∣∣∣∣∂Ψv∂θn
〉
=
h〈+ + · · ·+ |∂θnΨ˜vh〉
N˜v
−Re
(
〈Ψ˜vh|
N˜v
Pˆ
(h)
+
|∂θnΨ˜vh〉
N˜v
)
h〈+ + · · ·+ |Ψ˜vh〉
N˜v
, (4)
where |Ψ˜vh(θ)〉 =
∑
h e
HˆRBM (θ,h)| + + · · ·+〉v is the unnormalized wavefunction and Nv =
√
〈Ψvh(θ)|P (h)+ |Ψvh(θ)〉.
HˆRBM (θ, h) is the RBM Hamiltonian with the hidden spins hˆ
z
j replaced with binary values of ±1. The derivatives of
|Ψ˜vh(θ)〉 are in turn given by
∂|Ψ˜vh〉
∂bRi
= vˆzi |Ψ˜vh〉, ∂|Ψ˜vh〉∂mRj = tanh (mj +
∑
iWij vˆ
z
i ) |Ψ˜vh〉,
∂|Ψ˜vh〉
∂WRij
= vˆzi tanh (mj +
∑
iWij vˆ
z
i ) |Ψ˜vh〉, ∂|Ψ˜vh〉∂bIi = ivˆ
z
i |Ψ˜vh〉,
∂|Ψ˜vh〉
∂mIj
= i tanh (mj +
∑
iWij vˆ
z
i ) |Ψ˜vh〉, ∂|Ψ˜vh〉∂W Iij = ivˆ
z
i tanh (mj +
∑
iWij vˆ
z
i ) |Ψ˜vh〉.
(5)
Substituting Eqs. 4-5 into in the derivative operator, On =
∂ ln |Ψv〉
∂θn
, we arrive at Eq.(9) in the main text.
3Gradients of uRBM Parameters
Here we show that the proposed uRBM algorithm does not suffer from the ‘barren plateau’ issue that affects many
variational quantum algorithms [3]. In Fig. S3 we plot the norms of the force vector, f , and the gradient, A−1f , as a
function of system size, both quantities are normalized by the total number of variational parameters. We consider a
1D transverse field Ising model (panels (a) and (b)) and a 1D Heisenberg model in longitudinal field (panels (c) and
(d)) with periodic boundary condition, both with magnetic field strength h = 1.0. The number of hidden spins is
fixed at M = 6. The RBM parameters are randomly initialized as Gaussian variables with variance of 0.01, the blue
and red lines in Fig. S3 denote the average and minimum of 100 random initializations, respectively.
The force vector, f , is simply the gradient vector of the energy function, Eθ = 〈Ψv|(θ)Hs|Ψv〉(θ), whereas the real
and imaginary parts of A−1f dictate the parameter update in imaginary and real time evolution (see Eq. 6 in main
text and Eq. 2 above), respectively. From Fig. S3, we can clearly see that both f and A−1f do not decay exponentially
with system size, indicating the uRBM algorithm does not suffer from the vanishing gradient ( or ‘barren plateau’)
issue.
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FIG. S3: The norms of f and A−1f as a function of system size for a 1D transverse field Ising model ((a) and (b))
and a 1D Heisenberg model in longitudinal field ((c) and (d)). The norms are normalized by the number of
variational parameters. The blue and red lines denote the average and minimum from 100 random initializations,
respectively.
4Stochastic Schro¨dinger Equation
The dynamics of an open quantum system coupled to a Markovian bath can be described by an ensemble of pure
state trajectories under continuous measurement [4, 5] The stochastic differential equation governing the evolution of
the pure state trajectory can be written as
d|ψ(t)〉 = −iHˆeff |ψ(t)〉dt+
∑
k
( Lˆk|ψ(t)〉
‖Lˆk|ψ(t)〉‖
− |ψ(t)〉
)
dNk(t), (6)
where the non-Hermitian effective Hamiltonian
Hˆeff = Hˆs − i
2
∑
k
(LˆkLˆ
†
k − 〈LˆkLˆ†k〉), (7)
describes the deterministic evolution of the trajectory. The first term on the right hand side of Eq. 7 is the usual
system Hamiltonian, and the non-Hermitian part (terms in bracket) describes the damping process. The terms
〈LˆkLˆ†k〉 = 〈ψ(t)|LˆkLˆ†k|ψ(t)〉 ensure normalization of the wavefunction. The deterministic evolution is interrupted by
instantaneous changes to the wavefunction, |ψ〉 → Lˆk|ψ〉‖Lˆk|ψ〉‖ , the so-called quantum jumps described by the second term
on the right hand side of Eq. 6. The random numbers dNk(t) associated to the jumps take on the values of 0 or 1
and have expectation values of
E[dNk(t)] = 〈ψ(t)|Lˆ†kLˆk|ψ(t)〉dt. (8)
E[dNk(t)] represents the probability of a quantum jump associated to the Linblad operator Lˆk, the total jump
probability is thus given by
∑
k E[dNk(t)].
Next we describe how the stochastic Schro¨dinger equation can be simulated using variational algorithm described in
the main text. We first assume that the wavefunction at time t, |ψ(t)〉, can be represented by a parametrized ansatz
|Ψ(θ)〉 prepared in a quantum circuit. Between quantum jumps, the deterministic part of the stochastic Schro¨dinger
can then be simulated with Eqs. 6-8 in the main text, but replacing the system Hamiltonian with the effective
Hamiltonian Heff . To realize a quantum jump associated with Lˆk = σ
+
k , we first note that the raising operator can
be written as σˆ+k = e
−τHˆke−i
pi
2 σˆ
x
k for large enough τ [6] and Hˆk = |0〉k〈0|. Then the quantum jump can be realized in
a quantum circuit by evolving the quantum state under σxk for duration
pi
2 . Then we propagate the state by imaginary
time evolution under Hˆk for τ . In our simulations we use τ = 20 and time step of δτ = 0.01.
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